A contribution to Duffing's boundary value problem  by Marić, V & Tomić, M
JOURNAL OF MATHEMATICAL ANALYSIS AND APPLICATIONS 5, 147-149 (1962) 
A Contribution to DufFing’s Boundary Value Problem 
University of Novi Sad, Novi Sad, Yugoslavia 
AND 
M. TOMIC 
University of Belgrade, Yugoslavia 
Submitted by F. V. Atkinson 
Hamel showed in 1922 that the Duffing’s boundary value problem 
Z(t) + a2 sin x(t) = b sin t, x(0) = X(T) = 0, (1) 
with a > 0 and arbitrary b, has an unique solution if a < 1 [l]. On the 
other hand Hammerstein proved [2] that the number of solutions increases 
beyond all limits with a. 
In the present paper we prove that the Hamel’s result still holds when 
a = 1. 
We consider in fact the question of the uniqueness of the solution of the 
more general boundary value problem 
d(t) +f(x) = g(t), x(0) = x(?r) = 0, (2) 
wheref(x) is continous and bounded in (- 00, a) and g(t) in (0, n), and prove 
the following: 
THEOREM. Let 
If(x) I < I x It x#O (ia) 
f(O) = 0 0) 
(ii) 
then (2) has only one solution. 
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REMARK. If we take in (2) especially 
f(x) = a2 sin x, g(t) = b sin t 
then all above conditions are satisfied for a < 1 and arbitrary 6, so that the 
Duffing’s problem (1) h as an unique solution also when a = 1. 
PROOF OF THE THEOREM. From (i, a) and (ii) we see at once that f(x) 
satisfies the modified Lipschitz condition 
If(x) -f(Y) I < I x -Y 1, JcfY 
so that the existence of an odd number of solutions of (2) is guaranteed 
(cf. [3], p. 186). 
To prove the uniqueness of the solution we proceed as follows: 
Suppose, on the contrary, that there exist two different solutions x(t), 
y(t) of (2). Then, we have 
where 
&(x(t) - r(t)> = + j; W, 7) lf(x(4) -f(y(~>)> dT (3) 
is the Green’s function of (2). Using (ii) we get from (3) 
$1 x(t) -J’(t) / < j; K(t, T) ( f rcT) ; y(T’) j dT 
But, according to (i, a), this gives 
‘@) ; ‘@I) ( < & 1 x(t) - y(t) 1 < jn K(t, T) 1 f  rcT) ; y(T)) 1 d7 
0 
and so 
Q 1 x(t) -J’(t) 1 < j; K(t, T) j; K(T, TV) ( f i”“” ; y(T1)) ) dT dT1 
= j; f&(t, 71) 1 f (stT1) ; y(T1)) 1 dT1 
where we denote as usual with K,(t, T1) the iterated kernel of integral equa- 
tion (3). 
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If we repeat the above procedure n-time we get 
3 I x(t) -y(t) I G l; Kit, 7) 1 f  (+) ; y(T)) 1 dT (4) 
where 
Since 
K,(t, T) = a sin t sin 7 + o(l), n+w 
it follows from (4) that 
Q ( x(t) - y(t) ( < s JI sin t sin 7 / f r(r) 2 y(T)) 1 d7 + o(l), n-+m 
or, because the left side of the above formula is independent of n, 
+ I x(t) - r(t) I G 1 sintj~sinTlf(S(T)2Y(T’) IdT. (5) 
Multiplying the inequality (5) by sin t and integrating it over (0, W) we deduce 
that 
8 s 
“sint\x(t)-y(t)(dtd 
0 
W/~sintIf(X(f)~y(t)) Idt. 
Because of hypotheses (i, a) and (i, b) the above inequality can hold only if 
1 x(t) -y(t) 1 = 0, 0 < t <n, i.e., when x(t) = y(t), 0 < t <n. Q.E.D. 
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